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We establish the Hamiltonian analysis and the canonical path integral for a local formulation of vacuum
energy sequestering. In particular, by considering the state of the Universe as a superposition of vacuum
states corresponding to different values of the cosmological and gravitational constants, the path integral is
extended to include integrations over the cosmological and gravitational constants. The result is an
extension of the Ng–van Dam form of the path integral of unimodular gravity. It is argued to imply a
relation between the fraction of the most likely values of the gravitational and cosmological constants and
the average values of the energy density and pressure of matter over spacetime. Finally, we construct and
analyze a Becchi-Rouet-Stora-Tyutin-exact formulation of the theory, which can be considered as a
topological field theory.
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I. INTRODUCTION
According to a convincing body of observations the
expansion of the Universe is accelerating. Thus, assuming
that general relativity (GR) continues to describe the
Universe accurately at the largest scales, we observe that
the cosmological constant is not zero. There are many
proposals seeking to explain the smallness of the cosmo-
logical constant, although with no understanding of its
fundamental origin. Unfortunately, the situation is not that
simple as one might initially expect, because the theoretical
and observational results fail to come to a unified answer,
since the theoretical appraisal exceeds the observed value
by 120 orders of magnitude. Furthermore, the cosmological
constant predicted by quantum field theory (QFT) is
radiatively unstable to the extreme. This is the so-called
cosmological constant problem [1,2], the worst but most
important problem of fine-tuning in physics.
The origin of this outstanding disagreement can be
traced back to the universality of gravity and the quantum
generation of vacuum energy by virtual particles. In a
quantum field theorist point of view even the vacuum
possesses energy density, given by the resummation of the
QFT bubble diagrams. In GR, vacuum energy contributes
to the cosmological constant, and the vacuum geometry
must be curved due to the equivalence principle.
On the one hand, if one approaches this problem by
enforcing a symmetry principle, for instance supersymmetry
and/or conformal symmetry, the huge vacuum energy could
be canceled. However, at scales below a TeV, these sym-
metries are broken. On the other hand, one could alter-
natively approach this situation by means of a dynamical
adjustment of vacuum energy, where a nongravitating degree
of freedom is responsible for “eating” it all up. The major
issue with this idea is to work around Weinberg’s no-go
theorem [1] which prohibits such an adjustment in any
standard QFT coupled to gravity.
One of the first and best-known (minimal) modifications
of GR that was hoped to shed new light on the cosmo-
logical constant problem is unimodular gravity [3–6]. It is
well known that the field equation for the metric in
unimodular gravity is either the traceless Einstein equation
or, thanks to the Bianchi identity, the Einstein equation with
a cosmological constant [7]. Actually, the main conceptual
difference to GR is that the cosmological constant of
unimodular gravity is a constant of integration, rather than
a coupling constant. This different point of view on the
cosmological constant has led to considerable interest in
several topics within the unimodular gravity scenario;
see Refs. [8–13] and references therein. Unfortunately, a
similar problem with the renormalization or fine-tuning of
the cosmological constant is found as in GR [1,2].
Among the several new proposals made in recent
years, which attempt to resolve the cosmological constant
problem via (minimal) modification of GR, we would like
to call attention to a particular proposal called vacuum
energy sequestering [14]. It includes a global mechanism
for decoupling the vacuum energy generated by matter
loops from gravity. Hence it appears to be able to evade
Weinberg’s no-go theorem.
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In order to avoid the drawbacks of previous approaches—
mainly the extreme sensitivity of the (diffeomorphism-
allowed) contribution to the cosmological constant for any
change of the matter sector parameters or addition of higher-
order loop corrections, and the need for it to be tuned by
hand order by order in perturbation theory to ensure a
particular finite value of the cosmological constant—the
vacuum energy sequestering theory provides by design that
all quantum-generated vacuum energy contributions from a
protected matter sector cancel completely from the gravita-
tional equations of motion [14–16]. Thus, the only vacuum
energy remaining that now sources gravity is a renormalized
vacuum energy, which is automatically radiatively stable and
fully consistent with the concept of renormalization in QFT.
The sequestering mechanism works at each and every order
in perturbation theory, so there is no need to retune the
classical cosmological constant when higher-order loop
corrections are included. Hence, one is left with a radiatively
stable cosmological constant, which is completely indepen-
dent of the vacuum energy contributions from the protected
matter sector [15].
The core of this proposal may be thought of as under-
standing GR as a hybrid of unimodular gravity in con-
junction with variational procedures [17] to fix values of
global variables such as the cosmological constant. The
main feature of the sequestering mechanism is engendered
by means of a global term σð λ
η4μ4
Þ, which is added to the
Einstein-Hilbert action [see Eq. (2.1)], so that all scales in
the matter sector are now functionals of the gauge-invariant
four-volume element of the Universe
R
d4x
ﬃﬃﬃﬃﬃﬃ−gp [14]. The
prescription of the vacuum energy sequestering mechanism
uses a global scaling symmetry, in terms of a scaling
parameter measuring the matter sector scales in Planck
units, as an organizing principle for accounting for all
quantum vacuum energy contributions. This is the key
point of the sequestering mechanism that provides the way
around Weinberg’s no-go theorem. Unlike in GR or in its
unimodular formulation, now the four-volume
R
d4x
ﬃﬃﬃﬃﬃﬃ−gp is
an independent variable. Remarkably, locally the seques-
tering theory behaves just like standard GR, in the (semi)
classical limit, but without a large cosmological constant
and without its radiative instability [15].
Although successfully explaining the net value and
stability of the cosmological constant through a dynamical
adjustment, the global term in the sequestering mechanism
is unusual and appears to conflict with the expectations
about the microscopic origin of the mechanism. In order to
address this deficiency, a local formulation of the theory
has been recently proposed [18,19]. In this manifestly local
version of the sequestering mechanism the global terms are
regarded as conserved quantities, and gauge redundancies
are introduced in order to allow for the rigid variables to
become solutions of local field equations. Actually, this
local setup might be obtained from the global one by using
a similar reparametrization invariance approach as in the
Henneaux-Teitelboim form of unimodular gravity [8].
Interestingly, by virtue of the local conservation laws, the
modifications of the gravitational sector in the local
sequestering mechanism behave very similarly to the global
setup of Ref. [14]. However, now solutions display the new
features of a finite, eternal cosmological constant, and the
spacetime volume of the underlying geometry does not
have to be finite, while supporting a finite Planck scale and
(protected) matter sector scales. Recently, the local frame-
work has been further explored to understand cosmological
behavior, the effects of phase transitions, and the interplay
between gravity and particle physics [19].
It has been speculated that the local setup of the
sequestering mechanism admits a standard Hamiltonian
dynamics, allowing thus a definition of the Feynman path
integral. We therefore wish to establish a Hamiltonian
formalism and determine the canonical path integral for
the local version of vacuum energy sequestering. The path
integral enables us to work out an interesting point
regarding the gravitational and cosmological constants.
The situation is similar to the case of unimodular gravity,
where an additional integration over the cosmological
constant can be included, meaning that we are integrating
over different physical boundary conditions (vacua)
[9,10,13]. We now extend the idea of the Ng–van Dam
form of the path integral to encompass integration over both
the cosmological and gravitational constants in the path
integral of the local sequestering model.
We also explore the possibility of a topological or
Becchi-Rouet-Stora-Tyutin (BRST)-exact formulation of
the local vacuum energy sequestering model. This
approach is inspired by a recent work on a so-called
topological induced gravity [20], which is shown to be a
simple special case of the local formulation of vacuum
energy sequestering in Sec. V, and by a similar approach to
unimodular gravity in Ref. [21] (see Sec. VII). We regard
that the gravitational action of vacuum energy sequestering
appears as a gauge-fixing action along with an appropriate
ghost action. As a result the action of vacuum energy
sequestering becomes BRST exact and can be considered
as a topological field theory [22]. The canonical structure of
the ghost sector and the BRST charges are fully analyzed.
The paper is organized as follows. In Sec. II we present
the vacuum energy sequestering theory in the original
(global) form and its local extension, and explain how the
sequestering mechanism works. Section III is dedicated to
the Hamiltonian formulation of the local theory. In Sec. IV
the canonical path integral is established and we show that
it can written in an extended Ng–van Dam form. That
enables us to obtain a relation between the cosmological
and gravitational constants. In Sec. V we prove a relation
between the topological induced gravity as a particular case
of the local vacuum energy sequestering model. Section VI
conceives the local sequestering model in a BRST-exact
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form, and a canonical analysis of the resulting theory is
performed. For the purpose of comparison, we discuss
another attempt to cope with the cosmological constant
problem [21] in Sec. VII, which includes the cosmological
constant in terms of a topological field theory, but lacks
a mechanism for ensuring its radiative stability. Final
remarks are presented in Sec. VIII.
II. VACUUM ENERGY SEQUESTERING
A. Global mechanism
The vacuum energy sequestering mechanism is based on
the presence of two rigid variables with no local degrees of
freedom: the bare cosmological constant λ and a scaling
parameter η measuring the matter sector scales in Planck
units. The main result of this procedure is that it sets the
boundary condition upon η in such a way that at every order
of the loop expansion it takes precisely the necessary value
in order to completely cancel the vacuum energy contri-
bution from the matter sector at that order. The action for
the given theory can be expressed as [14]
S ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃ
−g
p M2P
2
R − λþ η4Lmðη−2gμν;ΨÞ

þ σ

λ
η4μ4

; ð2:1Þ
where the global function σ is required to be an odd
differentiable function, and the mass scale μ is around the
QFT cutoff. Matter fields—denoted collectively by Ψ—are
coupled minimally to the metric.
From the variation of Eq. (2.1) with respect to λ, which
links the four-volume to the scaling parameter η, we find a
necessary condition for the matter scales to be nonzero,
representing the picture of a finite universe in spacetime,
collapsing in the future [16]. In particular, if the matter
sector is the Standard Model of elementary particles, the
vacuum energy sequestering mechanism prevents it from
generating large contributions to the net cosmological
constant. The variation of Eq. (2.1) upon the metric gμν
yields
M2PG
μ
ν ¼ Tμν −
1
4
δμνhTααi; ð2:2Þ
where Tμν is the energy-momentum tensor of the matter
fields, and we have eliminated λ by its constraint equation
λ ¼ 1
4
hTααi, where we have defined the four-volume
average by hPi ¼ R d4x ﬃﬃﬃﬃﬃﬃ−gp P= R d4x ﬃﬃﬃﬃﬃﬃ−gp . Now we see
that Eq. (2.2) is the key result of the sequestering
mechanism. Furthermore, this field equation is unlike in
unimodular gravity, where the restricted variation removes
the trace equation that involves the vacuum energy, but
returns it as an arbitrary integration constant. On the other
hand, in the sequestering mechanism there are no hidden
equations or integration constants; all the sources are
automatically accounted for in the right-hand side
of Eq. (2.2).
Let us now scrutinize the main feature from Eq. (2.2).
Remarkably, the matter-sector quantum corrections to
vacuum energy are all accounted for in the average
hTααi, and cancel precisely from the right-hand side of
Eq. (2.2). This can be better viewed by extracting the
constant contribution into the stress energy, Vvac, so that
we can rewrite the stress-energy tensor as Tμν ¼
−Vvacδμν þ τμν, where the tensor τμν describes local
excitations. We therefore see that by means of such
decomposition Vvac completely drops out from Eq. (2.2)
[14,15]. Furthermore, this result shows that the only
vacuum energy that sources gravity is a renormalized
vacuum energy, which is automatically radiatively stable.
However, note that there is a residual cosmological
constant left: the historic average hτααi which is notably
insensitive to vacuum loop corrections, and is precisely
small in large and old universes by virtue of two approxi-
mate symmetries, the scalings η → Ωη, gμν → Ω−2gμν, and
λ → Ω4λ, and the shifts λ → λþ αη4 and Lm → Lm − α,
which are broken only by the gravitational sector [15]. At
last, as with any leftover of a UV-sensitive physical quantity
in QFT, the numerical value of the finite part of the
cosmological constant is not determined by the theory,
but rather determined to match observations.
B. Local formulation
A local formulation of the sequestering mechanism has
been proposed [18] mainly to deal with the microscopic
origin of the mechanism, interpreting the global terms
σð λ
η4μ4
Þ as conserved quantities, so that the rigid variables λ,
η are solutions of local field equations. As a first step in its
definition, it is relevant for the definiteness of the local
formulation to absorb η into the definition of the Planck
scale in the action (2.1). This is achieved by the change of
variables gμν → κ
2
M2P
gμν, λ →

M2P
κ2

2
λ where a new variable
κ2 ¼ M2P
η2
is defined. In terms of this new variable, the action
(2.2) now reads
S ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃ
−g
p κ2
2
R − λþ Lmðgμν;ΨÞ

þ σ

λ
μ4

:
ð2:3Þ
The variation of η is now replaced by the κ2 parameter, but
the sequestering mechanism obtained from the field equa-
tions remains intact [18].
Now the path chosen to promote the rigid parameters κ2,
λ to local fields and reinterpret the global term as an integral
of local expressions (which simultaneously yield local
equations ∂μκ2 ¼ 0, ∂μλ ¼ 0) is very similar to the known
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gauge-invariant formulation of unimodular gravity by
Henneaux and Teitelboim [8]. In their formulation, the
unimodular constraint
ﬃﬃﬃﬃﬃﬃ−gp ¼ ε0 is replaced by a diffeo-
morphism-invariant form
ﬃﬃﬃﬃﬃﬃ−gp ¼ ∂μτμ enforced by a term
−
R
d4λðxÞð ﬃﬃﬃﬃﬃﬃ−gp − ∂μτμÞ, where λðxÞ is treated as a
Lagrange multiplier satisfying ∂μλ ¼ 0 and τμ is a vector
density. This diffeomorphism-invariant form can be derived
from the global one via a parametrization of space-time
coordinates [11] (see Refs. [17,23] for a review).
Now, following a similar path for the local sequestering
model, we wish to replace the λ-dependent terms in
Eq. (2.3) with a (diffeomorphism-preserving) gauge-fixing
action
Sgf ¼ −
Z 
λ
ﬃﬃﬃﬃﬃﬃ
−g
p
d4x − dAˆ σˆ

λ
μ4

; ð2:4Þ
where dAˆ is the exterior derivative of an auxiliary three-
form Aˆ (see below). The new local additions should not
gravitate directly in order to preserve the main feature of
sequestering. On the one hand, the field equation obtained
by varying Aˆ is precisely ∂μλ ¼ 0, fixing the Lagrange
multiplier λðxÞ to be an arbitrary rigid contribution to the
total cosmological constant. On the other hand, the varia-
tion with respect to λðxÞ yields that Aˆ is a nonpropagating,
auxiliary field. It should be clear that the real reason for the
absence of any local degrees of freedom from λðxÞ is the
newly introduced gauge redundancy of the three-form (see
discussion below).
Since we have one more rigid Lagrange multiplier in
Eq. (2.3), κ2, we can follow exactly the same procedure to
make it local off shell, and constant on shell by means of an
extra copy of Eq. (2.4). So the action for local vacuum
energy sequestering [18] can be written as (cf. Ref. [18])
S¼
Z
d4x
ﬃﬃﬃﬃﬃﬃ
−g
p κ2
2
R−λþLmðgμν;ΨÞ

þ
Z
dAσ

κ2
M2P

þ
Z
dAˆσˆ

λ
μ4

; ð2:5Þ
where the bare gravitational and cosmological constants (κ2
and λ) are local fields. dA and dAˆ are exterior derivatives of
two auxiliary three-forms A and Aˆ. Furthermore, σ and σˆ
are two smooth functions, where MP and μ are the (cutoff)
energy scales associated with gravity and matter, respec-
tively. The measure four-forms can be written as
dA ¼ d4xðdAÞ ¼ d4x 1
4!
ϵμνρσdAμνρσ ¼ d4x∂μωμ; ð2:6Þ
dAˆ ¼ d4xðdAˆÞ ¼ d4x 1
4!
ϵμνρσdAˆμνρσ ¼ d4x∂μτμ; ð2:7Þ
where ωμ and τμ are vector densities of unit weight:
ωμ ¼ 1
3!
ϵμνρσAνρσ; τμ ¼
1
3!
ϵμνρσAˆνρσ: ð2:8Þ
The four-forms are invariant under a gauge transformation
A → Aþ dB and Aˆ → Aˆþ dBˆ, where B and Bˆ are arbitrary
two-forms. Equivalently, the gauge transformations of the
measure can be written for the vector densities (2.8) as
ωμ → ωμ þ ∂ναμν and τμ → τμ þ ∂ναˆμν, where αμν and αˆμν
are antisymmetric tensor densities of unit weight. In the
presence of a metric we can further write ωμ ¼ ﬃﬃﬃﬃﬃﬃ−gp Uμ
and τμ ¼ ﬃﬃﬃﬃﬃﬃ−gp Vμ, so that (similar to the situation in the
fully diffeomorphism-invariant formulation of unimodular
gravity [13])
∂μωμ ¼ ﬃﬃﬃﬃﬃﬃ−gp ∇μUμ; ∂μτμ ¼ ﬃﬃﬃﬃﬃﬃ−gp ∇μVμ; ð2:9Þ
where Uμ and Vμ are vector fields. Hence we rewrite the
action for local vacuum energy sequestering (2.5) as
S ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃ
−g
p κ2
2
R − λþ σ

κ2
M2P

∇μUμ
þ σˆ

λ
μ4

∇μVμ þ Lmðgμν;ΨÞ

: ð2:10Þ
III. CANONICAL FORMULATION OF THE
LOCAL THEORY OF VACUUM
ENERGY SEQUESTERING
A. ADM representation of the action
The canonical formulation of the original vacuum energy
sequestering model (2.1) [14] (see also Ref. [15]), where
the sequestering of vacuum energy is achieved by including
a (scaling) function outside of the action, has already
been considered in Ref. [24]. For a canonical formulation
of the local version of vacuum energy sequestering it is
convenient to further rewrite the action (2.10) by partial
integration as
S ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃ
−g
p κ2
2
R − λ − σ0

κ2
M2P

Uμ∇μκ2
M2P
− σˆ0

λ
μ4

Vμ∇μλ
μ4
þ Lmðgμν;ΨÞ

; ð3:1Þ
where σ0 and σˆ0 denote the first derivatives of the smooth
functions σ and σˆ, which are assumed to be nonvanishing.
In the simplest permitted case σ0 and σˆ0 are constant (see
Sec. V). Since we are mostly interested in the propagating
degrees of freedom and the role of the gravitational and
cosmological constants, we omit all boundary terms.
However, for the given form of the action (3.1) the
boundary terms are of the same form as in GR (as well
as in unimodular gravity [13]).
An Arnowitt-Deser-Misner (ADM) representation of the
gravitational part of the action (3.1) is obtained as
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SADM½N;Ni; hij; κ2; Un; Ui; λ; Vn; Vi
¼
Z
dtd3xN
ﬃﬃﬃ
h
p κ2
2
ðKijGijklKkl þ ð3ÞRÞ
−

K −
σ0
M2P
Un

∇nκ2 −DiDiκ2 − σ
0
M2P
Ui∂iκ2
− λþ σˆ
0
μ4
Vn∇nλ − σˆ
0
μ4
Vi∂iλ

; ð3:2Þ
where the arguments of the functions σ0 and σˆ0 are omitted,
but their dependence on κ2 and λ, respectively, should be
kept in mind. The vector fields have been decomposed to
components normal and tangent to the spatial hypersurface
Σt, defined as
Un¼nμUμ; Ui¼ðδiμþninμÞUμ; nμ¼

1
N
;
Ni
N

;
ð3:3Þ
where nμ is the unit normal to Σt.
1 The canonical formu-
lation of the matter action is identical to that of GR.
B. Hamiltonian and constraints
Canonical momenta conjugate to N, Ni, hij, κ2, Un, Ui,
λ, Vn, and Vi are denoted by πN, πi, πij, Pκ2 , Pn, Pi, pλ, pn,
and pi, respectively. We obtain the primary constraints
πN ≈ 0; πi ≈ 0; Pn ≈ 0;
Pi ≈ 0; pn ≈ 0; pi ≈ 0; ð3:4Þ
and
Cλ ¼ pλ −
ﬃﬃﬃ
h
p σˆ0
μ4
Vn ≈ 0: ð3:5Þ
The momenta conjugate to the metric hij and κ2 are
defined as
πij ¼ 1
2
ﬃﬃﬃ
h
p
κ2GijklKkl −
1
2
ﬃﬃﬃ
h
p
hij∇nκ2 ð3:6Þ
and
Pκ2 ¼ −
ﬃﬃﬃ
h
p 
K −
σ0
M2P
Un

: ð3:7Þ
The time derivatives of κ2 and hij are solved from Eqs. (3.6)
and (3.7) as
∇nκ2 ¼ 1N ð∂tκ
2 − Ni∂iκ2Þ
¼ − 2
3
ﬃﬃﬃ
h
p

π − κ2Pκ2 þ
ﬃﬃﬃ
h
p κ2
M2P
σ0Un

ð3:8Þ
and
Kij ¼
1
2N
ð∂thij − 2DðiNjÞÞ
¼ 2Gijklπ
klﬃﬃﬃ
h
p
κ2
þ hij
3
ﬃﬃﬃ
h
p
κ2

π − κ2Pκ2 þ
ﬃﬃﬃ
h
p κ2
M2P
σ0Un

;
ð3:9Þ
where π ¼ hijπij.
The Hamiltonian is obtained as
H ¼
Z
d3xðNHT þ NiHi þ uNπN þ uiNπi þ uλCλ
þ unPn þ uiPi þ vnpn þ vipiÞ; ð3:10Þ
where the so-called super-Hamiltonian and supermomen-
tum are defined as
HT ¼
2πijGijklπklﬃﬃﬃ
h
p
κ2
þ 1
3
ﬃﬃﬃ
h
p
κ2

π − κ2Pκ2 þ
ﬃﬃﬃ
h
p κ2
M2P
σ0Un

2
−
1
2
ﬃﬃﬃ
h
p
κ2ð3ÞRþ
ﬃﬃﬃ
h
p 
DiDiκ2 þ
σ0
M2P
Ui∂iκ2
þ λþ σˆ
0
μ4
Vi∂iλ

ð3:11Þ
and
Hi ¼ −2hijDkπjk þ ∂iκ2Pκ2 þ ∂iλpλ; ð3:12Þ
respectively, where we introduced the inverse DeWitt
metric as
Gijkl ¼
1
2
ðhikhjl þ hilhjkÞ −
1
2
hijhkl; ð3:13Þ
and uN , uiN , uλ, u
i, un, vi, vn are unspecified Lagrange
multipliers for the primary constraints.
Each primary constraint must be preserved under time
evolution. For πN ≈ 0 and πi ≈ 0we obtain the Hamiltonian
constraint
HT ≈ 0 ð3:14Þ
and the momentum constraint
Hi ≈ 0: ð3:15Þ
1Tensors and tensor densities that are tangent to the spatial
hypersurfaces are denoted with latin indices ði:j:…Þ which run
from 1 to 3. For a more detailed description of the notation see
Ref. [13].
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We extend the momentum constraint (3.12) with terms that
are proportional to the primary constraints Pn and pn so
that the momentum constraint generates spatial diffeo-
morphisms for all the variables that are involved in the
constraints.2 For that reason we redefine
Hi ¼ −2hijDkπjk þ ∂iκ2Pκ2 þ ∂iλpλ þ ∂iUnPn
þ ∂iVnpn ≈ 0: ð3:16Þ
It is useful to define global (smeared) versions of the
Hamiltonian and momentum constraints:
HT ½ξ ¼
Z
d3xξHT; Φ½χi ¼
Z
d3xχiHi: ð3:17Þ
The preservation of the constraints Pi ≈ 0 and pi ≈ 0 is
ensured by introducing the secondary constraints
Bi ¼ ∂iκ2 ≈ 0; ð3:18Þ
Ci ¼ ∂iλ ≈ 0: ð3:19Þ
These constraints imply that κ2 and λ are constant across
space. We define smeared forms of Bi and Ci as
B½χi ¼
Z
d3xχi∂iκ2; C½χi ¼
Z
d3xχi∂iλ: ð3:20Þ
These constraints are included in the Hamiltonian (3.10)
with Lagrange multipliers as B½uiκ and C½viλ; furthermore,
the terms of HT that are proportional to Bi and Ci are
absorbed into the constraints B½uiκ and C½viλ of the
Hamiltonian. The preservation of the constraint Pn ≈ 0,
∂tPn¼fPn;Hg≈−2Nσ
0
3M2P

π−κ2Pκ2 þ
ﬃﬃﬃ
h
p κ2
M2P
σ0Un

≈0;
ð3:21Þ
requires a new secondary constraint,
Π ¼ π − κ2Pκ2 þ
ﬃﬃﬃ
h
p κ2
M2P
σ0Un ≈ 0: ð3:22Þ
The preservation of the constraint pn ≈ 0,
∂tpn ¼ fpn; Hg ≈
ﬃﬃﬃ
h
p σˆ0
μ4
uλ ≈ 0; ð3:23Þ
is ensured by fixing the Lagrange multiplier uλ of the
constraint Cλ as
uλ ¼ 0: ð3:24Þ
The preservation of the constraint (3.5),
∂tCλ¼fCλ;Hg≈fCλ;HT ½Ng−
ﬃﬃﬃ
h
p σˆ0
μ4
vnþfCλ;C½viλg≈0;
ð3:25Þ
is ensured by fixing the Lagrange multiplier vn of the
constraint pn as
vn ¼ −N
μ4
σˆ0
þ NπVnﬃﬃﬃ
h
p
κ2
þ ∂iv
i
λﬃﬃﬃ
h
p μ
4
σˆ0
: ð3:26Þ
At this point the Hamiltonian is written as
H ¼
Z
d3xðNH0T þ NiHi þ uNπN þ uiNπi þ unPn
þ uiPi þ vipi þ uΠΠþ uiκBi þ viλC0iÞ; ð3:27Þ
where we have defined the constraints
H0T ¼ HT −
μ4
σˆ0
pn þ
πVnﬃﬃﬃ
h
p
κ2
pn ≈ 0; ð3:28Þ
HT ¼
2πijGijklπklﬃﬃﬃ
h
p
κ2
−
1
2
ﬃﬃﬃ
h
p
κ2ð3ÞRþ
ﬃﬃﬃ
h
p
DiDiκ2 þ
ﬃﬃﬃ
h
p
λ ≈ 0;
ð3:29Þ
C0i ¼ Ci − μ4∂i

pnﬃﬃﬃ
h
p
σˆ0

¼ ∂iλ − μ4∂i

pnﬃﬃﬃ
h
p
σˆ0

≈ 0;
ð3:30Þ
and uN , uiN , un, u
i, uΠ, uiκ, vi, viλ are unspecified Lagrange
multipliers. Note that we have included the constraint
(3.22) with a Lagrange multiplier as Π½uΠ ¼
R
d3xuΠΠ
and absorbed the terms proportional to Π from the
Hamiltonian constraint. Rewriting the consistency condi-
tion for Pn with the Hamiltonian (3.27),
∂tPn ≈ fPn;Π½uΠg ¼ −
ﬃﬃﬃ
h
p κ2
M2P
σ0uΠ ¼ 0; ð3:31Þ
implies
uΠ ¼ 0; ð3:32Þ
i.e., the constraint Π drops out of the Hamiltonian.
Then we must establish the preservation of the secondary
constraints HT , Hi, Bi, Ci, and Π. First we consider
preservation of Π,
2We do not include a generator for the variables ðUi; PjÞ and
ðVi; pjÞ since the terms of the Hamiltonian constraints (3.11) that
depend onUi and Vi are proportional to the constraints (3.18) and
(3.19), respectively.
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∂tΠ ¼ fΠ; Hg
≈ fΠ;HT ½Ng þ
ﬃﬃﬃ
h
p κ2
M2P
σ0un þ fΠ;B½uiκg
≈ 0; ð3:33Þ
which is achieved by fixing the Lagrange multiplier un of
the constraint Pn as
un ¼ N
M2P
κ2σ0

3
2
DiDiκ2 þ 2λ

þ N πUnﬃﬃﬃ
h
p
κ2
þ 3M
2
P
2κ2σ0
hij∂iN∂jκ2 þ M
2
Pﬃﬃﬃ
h
p
σ0
∂iuiκ: ð3:34Þ
The Hamiltonian is written as
H ¼
Z
d3xðNH00T þ NiHi þ uNπN þ uiNπi þ uiPi
þ vipi þ uiκB0i þ viλC0iÞ; ð3:35Þ
where we have defined a first-class Hamiltonian constraint
as
H00T¼HT−
μ4
σˆ0
pnþ
πVnﬃﬃﬃ
h
p
κ2
pnþ
3M2P
2ðκ2σ0Þ2h
ij∂iðκ2σ0Þ∂jκ2Pn
−
3M2P
2κ2σ0
hij∂iκ2DjPnþ2M
2
Pλ
κ2σ0
Pnþ
πUnﬃﬃﬃ
h
p
κ2
Pn≈0;
ð3:36Þ
HT ¼
2πijGijklπklﬃﬃﬃ
h
p
κ2
−
1
2
ﬃﬃﬃ
h
p
κ2ð3ÞRþ
ﬃﬃﬃ
h
p
DiDiκ2 þ
ﬃﬃﬃ
h
p
λ ≈ 0;
ð3:37Þ
and an extension of the constraint (3.18) as
B0i ¼ Bi −M2P∂i

Pnﬃﬃﬃ
h
p
σ0

¼ ∂iκ2 −M2P∂i

Pnﬃﬃﬃ
h
p
σ0

≈ 0:
ð3:38Þ
Proving the preservation of HT , Hi, Bi, and Ci is straight-
forward, since their structure is rather similar to that in
Ref. [13]. Note that the Hamiltonian constraint does not
depend on Pκ2 and the constraints HT , Hi, Bi, Ci have
vanishing Poisson brackets with both Pn and pn. The
constraints HT , Hi, Bi, Ci satisfy the following Poisson
brackets (the five omitted Poisson brackets vanish
strongly):
fHT ½ξ;HT ½ηg ¼
Z
d3xðξ∂iη − η∂iξÞhij
× ½Hj − ðPκ2 þ 4κ−2πij − κ−2hijπÞBj
− ∂jUnpn − pλCj − ∂jVnpn;
fΦ½χi;HT ½ξg ¼ HT ½χi∂iξ;
fΦ½χi;Φ½ψ jg ¼ Φ½χj∂jψ i − ψ j∂jχi;
fΦ½χi;B½ηjg ¼ B½χi∂jηj;
fΦ½χi; C½ηjg ¼ C½χi∂jηj: ð3:39Þ
Hence all the constraints are now consistent under time
evolution.
The total Hamiltonian (3.35) is a sum of the first-class
constraints H00T , Hi, πN , πi, Pi, pi, Bi
0, and C0i. In addition,
we have four second-class constraints: pn, Cλ, Pn, and Π.
C. Counting of physical degrees of freedom
In order to clarify the nature of the constraint (3.18) on
κ2, we decompose the variables κ2, Pκ2 as
κ2ðt; xÞ ¼ κ20ðtÞ þ κ2ðt; xÞ;
Pκ2ðt; xÞ ¼
ﬃﬃﬃ
h
p
R
d3x
ﬃﬃﬃ
h
p P0
κ2
ðtÞ þ Pκ2ðt; xÞ; ð3:40Þ
where the zero modes describe the time-dependent average
values of κ2 and Pκ2 over space,
κ20ðtÞ ¼
1R
d3x
ﬃﬃﬃ
h
p
Z
d3x
ﬃﬃﬃ
h
p
κ2ðt; xÞ;
P0
κ2
ðtÞ ¼
Z
d3xPκ2ðt; xÞ; ð3:41Þ
and the oscillating modes have vanishing average values
over space,
Z
d3x
ﬃﬃﬃ
h
p
κ2ðt; xÞ ¼ 0;
Z
d3xPκ2ðt; xÞ ¼ 0: ð3:42Þ
Such a decomposition can always be performed, but for
infinite spaces care must be taken in imposing appropriate
(asymptotic) boundary conditions and in defining the
integrals over infinite volumes (see Refs. [11,13]). The
zero modes satisfy the canonical Poisson bracket
fκ20; P0κ2g ¼ 1; ð3:43Þ
while the oscillating modes satisfy
fκ2ðxÞ;Pκ2ðyÞg¼δðx−yÞ−
ﬃﬃﬃ
h
p ðyÞR
d3z
ﬃﬃﬃ
h
p ≡δðx;yÞ; ð3:44Þ
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where we have defined the overlined δ function that
satisfies3
Z
d3xδðx; yÞ
ﬃﬃﬃ
h
p
ðxÞfðxÞ ¼
ﬃﬃﬃ
h
p
ðyÞfðyÞ;
Z
d3yδðx; yÞfðyÞ ¼ fðxÞ:
The Poisson brackets between zero modes and oscillating
modes vanish,
fκ20; Pκ2ðxÞg ¼ 0; fκ2ðxÞ; P0κ2g ¼ 0: ð3:45Þ
The cosmological constant variables ðλ; pλÞ are decom-
posed in the same way to zero modes ðλ0; p0λÞ and
oscillating modes ðλ¯; pλÞ. The purpose of the decomposi-
tion of the variables λ and κ2 is to separate the spatially
oscillating components which vanish due to the constraints
(3.18) and (3.19). When the variables ðκ2; Pκ2Þ and ðλ; pλÞ
are decomposed, the constraints (3.18) and (3.19) can
indeed be replaced with local constraints,
B¯ ¼ κ2 ≈ 0; C¯ ¼ λ¯ ≈ 0; ð3:46Þ
since ∂iκ2 ¼ ∂iκ2 ¼ 0 implies that κ2 is constant over space
and the zero-average condition (3.42) requires the constant
to be zero. The corresponding first class constraints (3.30)
and (3.38) are replaced with
B¯0 ¼ κ2 −M2P

Pnﬃﬃﬃ
h
p
σ0

≈ 0; ð3:47Þ
C¯0 ¼ λ¯ − μ4

pnﬃﬃﬃ
h
p
σˆ0

≈ 0; ð3:48Þ
where the overline denotes a component whose integral
over space vanishes.
The number of physical degrees of freedom is readily
obtained via Dirac’s formula. There are two propagating
physical degrees of freedom for the graviton and two
zero modes. The zero modes are the gravitational and
cosmological constants, which do not evolve in time since
the Hamiltonian does not depend on the corresponding
canonical momenta.
D. Elimination of auxiliary variables and
classical equivalence to GR
Gauge-fixing conditions associated with the generators
(3.47) and (3.48) can be chosen as
Pκ2 ≈ 0; pλ ≈ 0: ð3:49Þ
Furthermore, we choose the gauge conditions for the
generators Pi ≈ 0 and pi ≈ 0 as
Ui ≈ 0; Vi ≈ 0: ð3:50Þ
Then we have a set of second-class constraints as
ϕI ¼ ½pn; Cλ; Pn;Π; B¯0; Pκ2 ; C¯0; pλ; Pi; Ui; pi; Vi; ð3:51Þ
where I ¼ 1;…; 12. We shall use these constraints for the
elimination of the variables Vn, pn, Un, Pn, κ2, Pκ2 , λ¯, pλ,
Ui, Pi, Vi, and pi. In order to set the second-class
constraints to zero strongly, we replace the Poisson bracket
with the Dirac bracket. The matrix of Poisson brackets for
the constraints (3.51),
CIJðx; yÞ ¼ fϕIðxÞ;ϕJðyÞg; ð3:52Þ
has the following nonvanishing components with I < J
[Poisson brackets that turn out to be proportional to the
constraints (3.51)—and thus vanish—are omitted as well):
C12ðx; yÞ ¼ fpnðxÞ; CλðyÞg ¼
ﬃﬃﬃ
h
p σˆ0
μ4
ðyÞδðx − yÞ;
C24ðx; yÞ ¼ fCλðxÞ;ΠðyÞg ¼ −
3
2
ﬃﬃﬃ
h
p σˆ0
μ4
VnðxÞδðx − yÞ;
C28ðx; yÞ ¼ fCλðxÞ; pλðyÞg ¼ −
ﬃﬃﬃ
h
p σˆ00
μ8
VnðxÞδðx; yÞ;
C34ðx; yÞ ¼ fPnðxÞ;ΠðyÞg ¼ −
ﬃﬃﬃ
h
p κ2
M2P
σ0ðyÞδðx − yÞ;
C46ðx; yÞ ¼ fΠðxÞ; Pκ2ðyÞg
¼ 3
2
ﬃﬃﬃ
h
p ðyÞδðy; xÞR
d3z
ﬃﬃﬃ
h
p P0
κ2
− δðx; yÞPκ2ðxÞ
þ
ﬃﬃﬃ
h
p  σ0
M2P
þ κ
2σ00
M4P

ðxÞUnðxÞδðx; yÞ;
C48ðx; yÞ ¼ fΠðxÞ; pλðyÞg ¼
3
2
ﬃﬃﬃ
h
p ðyÞδðy; xÞR
d3z
ﬃﬃﬃ
h
p p0λ ;
C56ðx; yÞ ¼ fB¯0ðxÞ; Pκ2ðyÞg
¼ δðx; yÞ þ ðPn-termsÞ ≈ δðx; yÞ;
C78ðx; yÞ ¼ fC¯0ðxÞ; pλðyÞg
¼ δðx; yÞ þ ðpn-termsÞ ≈ δðx; yÞ;
C9;10ðx; yÞ ¼ −δðx − yÞ;
C11;12ðx; yÞ ¼ −δðx − yÞ; ð3:53Þ
where σ00 and σˆ00 are the second derivatives the scale
functions σ and σˆ. In the components of Eq. (3.52) with
I > J the coordinates ðx; yÞ are interchanged, e.g.,3Note that δðx; yÞ ≠ δðy; xÞ.
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C82ðx; yÞ ¼ fpλðxÞ; CλðyÞg ¼
ﬃﬃﬃ
h
p σˆ00
μ8
VnðyÞδðy; xÞ:
ð3:54Þ
Also notice that when the constraints (3.51) are imposed
strongly, the arguments of the scale functions and their
derivatives now involve only the zero modes of κ2 and λ:
σ

κ2
M2P

¼σ

κ20
M2P

; σˆ

λ
μ4

¼ σˆ

λ0
μ4

; etc: ð3:55Þ
The inverse matrix C−1IJ ðx; yÞ is defined by
X12
J¼1
Z
d3yC−1IJ ðx; yÞCJKðy; zÞ ¼ δIKδðx − zÞ;
X12
J¼1
Z
d3yCIJðx; yÞC−1JKðy; zÞ ¼ δIKδðx − zÞ: ð3:56Þ
The Dirac bracket is defined as
ff1; f2gD ¼ ff1; f2g −
X12
I;J¼1
Z
d3xd3yff1;ϕIðxÞg
× C−1IJ ðx; yÞfϕJðyÞ; f2g; ð3:57Þ
where f1 and f2 are any functions or functionals of the
canonical variables. Since the nonvanishing components of
the matrix C−1IJ ðx; yÞ are the components with the indices
fIJg ¼ f12g, f13g, f17g, f34g, f35g, f37g, f56g, f78g,
f9; 10g, f11; 12g and the corresponding components with
I < J, we see that the Dirac bracket is equal to the Poisson
bracket,
ff1; f2gD ¼ ff1; f2g; ð3:58Þ
for any f1 and f2 that depend on the remaining canonical
variables N, Ni, hij, κ20, λ0, πN , πi, π
ij, P0
κ2
, and p0λ . The
Hamiltonian reduces to the GR form
H ¼
Z
d3xðNHT þ NiHi þ uNπN þ uiNπiÞ; ð3:59Þ
where
HT ¼
2πijGijklπkl
κ20
ﬃﬃﬃ
h
p − κ
2
0
2
ﬃﬃﬃ
h
p ð3ÞRþ
ﬃﬃﬃ
h
p
λ0; ð3:60Þ
Hi ¼ −2hijDkπjk: ð3:61Þ
The gravitational and cosmological constants κ20 and λ0
depend on time formally, but they do not evolve sinceHT is
independent of P0
κ2
and p0λ .
E. Gauge-fixed action for quantization
Next we construct the path integral and the gauge-fixed
action for the BRST formalism. Since the constraints (3.30)
and (3.38) are total derivatives and their integrals vanish,
we have linearly dependent generators. The quantization
of a gauge system with linearly dependent generators is
achieved in the formalism of Ref. [25]. Fortunately, the
situation with the nonlocally linearly dependent generator
associated with the (cosmological constant) variable λ is
similar to the case of unimodular gravity, which has been
described in Ref. [13]. The generator associated with the
(bare gravitational constant) variable κ2 can be treated in a
similar way in the formalism of Ref. [25].
First we solve the second-class constraints ðpn; Cλ;
Pn;ΠÞ and eliminate the variables Vn, pn, Un, and Pn.
As shown in the previous subsection, the Dirac bracket is
equal to the Poisson bracket for the remaining variables.
The generators are denoted by
Gα ¼ ½πN; πi;HT;Hi; B¯; C¯; Pi; pi ð3:62Þ
and their nonvanishing Poisson/Dirac brackets are given in
Eq. (3.39). Here the Hamiltonian and momentum con-
straints are defined in Eqs. (3.12) and (3.29). The gauge
conditions are written as
χα ¼ ½σ0N; σiN; χ0; χi; Pκ2 ; pλ; Ui; Vi; ð3:63Þ
where σμN fix the lapse and shift functions, χ
μ are coordinate
conditions for the metric, and the conditions Pκ2 , pλ, U
i,
and Vi are chosen for simplicity. Note that the gauge
conditions for the generators (3.46) have to be degenerate
to the same degree as the generators; in this case, the
integrals of the conditions over space are fixed.
When the generators Gα are linearly dependent, there
exist right zero eigenvectors Zαa,
GαZαa ¼ 0: ð3:64Þ
The condensed index α labels each local generator at every
point on the spatial hypersurfaces. Summing over such an
index involves an integration over space in addition to a
sum over the components. The latin index a labels the zero
eigenvectors. The vectors Zαa are assumed to be linearly
independent, i.e., we consider a first-stage reducible theory.
The gauge conditions χα have to be similarly dependent as
the generators, so that there exist left zero eigenvectors Zˆaα,
Zˆaαχα ¼ 0: ð3:65Þ
The eigenvectors Zαa and Zˆ
a
α are the right and left zero
vectors of the degenerate Faddeev-Popov operator,
Qαβ ¼ fχα; Gβg; ð3:66Þ
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respectively. In this case, we have the two right eigenvectors4
Zα1 ¼

0; 0; 0; 0;
ﬃﬃﬃ
h
p
R
d3x
ﬃﬃﬃ
h
p ; 0; 0; 0

;
Zα2 ¼

0; 0; 0; 0; 0;
ﬃﬃﬃ
h
p
R
d3x
ﬃﬃﬃ
h
p ; 0; 0

; ð3:67Þ
and the left eigenvectors
Zˆ1α ¼ ½0; 0; 0; 0; 1; 0; 0; 0;
Zˆ2α ¼ ½0; 0; 0; 0; 0; 1; 0; 0: ð3:68Þ
Hence the Faddeev-Popov ghosts cα, bα become gauge
fields that require additional gauge fixing. For that purpose
the set of ghosts and Lagrange multipliers ðcα, bα, ηαÞ is
extended to
Φg ¼ ðcα; bα; ηα; Ca; Ba; Ea; θa; ϑaÞ; ð3:69Þ
where cα, bα, θa, ϑa are Grassmann anticommuting variables
and the rest are commuting variables. The path integral and
the corresponding effective gauge-fixed action are written as
Z¼
Z
DqADpADΦgexp½iðSþSghþgfÞ;
Sghþgf¼−
Z
dt½bαQαβcβþBaðωaαZαbÞCbþηαðχαþσαaEaÞ
þθaωaαcαþbασαaϑa; ð3:70Þ
where qA and pA denote all the gauge fields and their
canonically conjugated momenta, and S is the action without
gauge fixing. The extra Lagrange multipliers ðθa; ϑaÞ
impose the gauge conditions ωaαcα ¼ 0 and
bασαa ¼ 0 on the Faddeev-Popov ghosts, where the gauge
parameters ðωaα; σαaÞ are arbitrary. The variables Ba and Ca
are the ghosts for the Faddeev-Popov ghost fields. The
so-called extra ghosts Ea regulate divergent factors δð0Þ that
appear in the original gauge fixing δðχαÞwith a redundant set
of gauge conditions (3.63). In our case, we can choose the
gauge-fixing parameters for the ghosts as
ω1α ¼ ½0; 0; 0; 0;−1; 0; 0; 0;
ω2α ¼ ½0; 0; 0; 0; 0;−1; 0; 0;
σα1 ¼

0; 0; 0; 0;
ﬃﬃﬃ
h
p
R
d3x
ﬃﬃﬃ
h
p ; 0; 0; 0

;
σα2 ¼

0; 0; 0; 0; 0;
ﬃﬃﬃ
h
p
R
d3x
ﬃﬃﬃ
h
p ; 0; 0

: ð3:71Þ
Integration over the ghost sector gives the path integral as
Z ¼
Z
DqADpA
detF αβ
det qab det qˆ
a
b
Z
DEaδðχα þ σαaEaÞ
× ðdet qˆabÞ exp ðiSÞ; ð3:72Þ
where the gauge-fixed Faddeev-Popov operator is
defined as
F αβ ¼ Qαβ þ σαaωaβ; ð3:73Þ
and the following matrices are introduced:
qab ¼ ωaαZαb; qˆab ¼ Zˆaασαb: ð3:74Þ
The path integral (3.72) is independent of the chosen gauge
parameters ðωaα; σαaÞ, since both the ratio of determinants
ðdetF αβ= det qab det qˆabÞ and the regulated gauge-fixing
factor are invariant under a change of the gauge parameters.
Since in the present case we chose the gauge fixing of the
ghosts so that
qab ¼
−1 0
0 −1

; qˆab ¼

1 0
0 1

; ð3:75Þ
the gauge fixing and ghost action for the path integral can
be written in a simpler form without the additional ghosts
and Lagrange multipliers as
Sghþgf ¼ −
Z
dt½bαF αβcβ þ ηαðχα þ σαaEaÞ: ð3:76Þ
Furthermore we can trivially integrate over the parts of the
ghost sector that correspond to the generators πN , πi, Pi,
and pi, absorbing them into the normalization of the
path integral, so that the gauge fixing and ghost action
is written as
Sghþgf ¼ −
Z
dt

bμQμνcν þ b¯mQ¯mμcμ þ b¯mF¯mnc¯n
þ ημχμ þ η¯mχ¯m þ
R
d3x
ﬃﬃﬃ
h
p
η¯mR
d3x
ﬃﬃﬃ
h
p Em

;
ð3:77Þ
4The components of these eigenvectors match those in
Eq. (3.62), so that for the generators with an index, i ¼ 1, 2,
3, the corresponding component of the eigenvector is understood
to be repeated three times.
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where we denote
χ¯m ¼ ½Pκ2 ; pλ; ð3:78Þ
G¯m ¼ ½B¯; C¯; ð3:79Þ
and we have defined
Qμν ¼ fχμ;Hνg; Hν ¼ ðHT;HiÞ; ð3:80Þ
Q¯mμ ¼ fχ¯m;Hμg; ð3:81Þ
F¯mn ¼ fχ¯mðxÞ; G¯nðyÞg − δmn
ﬃﬃﬃ
h
p ðxÞR
d3z
ﬃﬃﬃ
h
p
¼ −δmnδðx − yÞ: ð3:82Þ
Summing over the repeated indices in Eq. (3.77), μ, ν ¼ 0,
1, 2, 3 andm, n ¼ 1, 2, includes integration over space. The
ghosts bμ; cμ are associated with diffeomorphisms and the
ghosts b¯m; c¯m with the generators B¯ and C¯. Integration over
the extra ghost Em imposes η¯m to have a vanishing zero
mode. We obtain the operator (3.81) for the gauge con-
ditions (3.78) as
Q¯10ðx; yÞ ¼ δðy; xÞ

2πijGijklπklﬃﬃﬃ
h
p ðκ2Þ2 þ
1
2
ﬃﬃﬃ
h
p ð3ÞR

ðyÞ
− δðy; xÞ ∂∂yi
 ﬃﬃﬃ
h
p
ðyÞhijðyÞ ∂∂yj

þ δðy; xÞ πðyÞP
0
κ2
κ2ðyÞ R d3z ﬃﬃﬃhp ; ð3:83Þ
Q¯1iðx; yÞ ¼ δðy; xÞ

∂iPκ2ðyÞ þ Pκ2ðyÞ ∂∂yi

− δðy; xÞ P
0
κ2R
d3z
ﬃﬃﬃ
h
p

∂i
ﬃﬃﬃ
h
p
ðyÞ þ
ﬃﬃﬃ
h
p
ðyÞ ∂∂yi

;
ð3:84Þ
Q¯20ðx; yÞ ¼ −δðy; xÞ
ﬃﬃﬃ
h
p
ðyÞ þ δðy; xÞ πðyÞp
0
λ
κ2ðyÞ R d3z ﬃﬃﬃhp ;
ð3:85Þ
Q¯2iðx; yÞ ¼ δðy; xÞ

∂ipλðyÞ þ pλðyÞ ∂∂yi

− δðy; xÞ p
0
λR
d3z
ﬃﬃﬃ
h
p

∂i
ﬃﬃﬃ
h
p
ðyÞ þ
ﬃﬃﬃ
h
p
ðyÞ ∂∂yi

:
ð3:86Þ
This completes the calculationof the full gravitational (gauge-
fixed) action for quantization. The action Sþ Sghþgf with
Eq. (3.77) admits the BRST symmetry associated with the
generators ðHμ; B¯; C¯Þ and the gauge conditions ðχμ; Pκ2 ; pλÞ.
For the chosen gauge (3.78), however, we observe that
the ghost structure associated with the generators (3.79) is
essentially trivial. Integration over the ghosts b¯m and c¯m
(m ¼ 1, 2) indeed gives a unit contribution to the path
integral, det F¯mn ¼ 1, since the term involving b¯m and cμ
does not contribute to the result due to the lack of a term
involving bμ and c¯m. In other words, here the functional
determinant of Eq. (3.73) factors as detF αβ ¼ detQμν×
det F¯mn. Then, integration over the oscillating modes κ2,
Pκ2 , λ¯, and pλ becomes trivial due to the constraints (3.78)
and (3.79). The zero modes κ20 and λ0 remain. Hence the
obtained path integral is the same as the one obtained for
the reduced system in Sec. III D. The path integral will be
discussed further in Sec. IV.
IV. PATH INTEGRAL AND A RELATION
OF THE GRAVITATIONAL AND
COSMOLOGICAL CONSTANTS
A. Canonical path integral
The canonical path integral for the gravitational sector of
the local vacuum energy sequestering model is obtained as
ZVES ¼ N 1
Z Y
xμ
DNDNiDhijDπijDκ20DP
0
κ2
Dλ0Dp0λδðχμÞ det jfχμ;Hνgj
× exp

i
Z
dtd3xð∂thijπij þ ∂tκ20P0κ2 þ ∂tλ0p0λ − NHT − NiHi

; ð4:1Þ
whereN 1 is a normalization factor and the Hamiltonian and
momentum constraints are given in Eqs. (3.60) and (3.61).
The same path integral can either be obtained from the
formalism presented in Sec. III E, or it could bewritten for the
reduced Hamiltonian system obtained in Sec. III D. Matter
fields have been excluded for the time being. Integration over
the momenta P0
κ2
and p0λ gives δð∂tκ20Þδð∂tλ0Þ. Therefore we
decompose λ0 and κ20 to constant components and oscillating
components over time as
λ0ðtÞ ¼ ϱ2Λþ λ0ðtÞ; κ20ðtÞ ¼ ϱ2 þ κ20ðtÞ; ð4:2Þ
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where ϱ2 and Λ are gravitational and cosmological
constants, respectively, and theoscillating components satisfyR
dtλ0 ¼ 0
R
dtκ20 ¼ 0. Integration over the momentum πij
can be performed in the standard way (see, e.g., Ref. [13]).
Assuming that the path integral represents avacuum transition
amplitude for a vacuum state jϱ2;Λi that corresponds to
certain values of ϱ2 and Λ, we obtain the path integral as
ZVESðϱ2;ΛÞ
¼ N 2
Z Y
xμ
Dgμνg00ð−gÞ−32δðχμÞNϱ6 det jfχμ;Hνgπij½hj
× exp

i
ϱ2
2
Z
d4x
ﬃﬃﬃﬃﬃﬃ
−g
p ðKijGijklKkl þ ð3ÞR − 2ΛÞ

;
ð4:3Þ
where the boundary conditions of the path integral are chosen
to be consistent with the given values of ϱ2 and Λ.
The extra factor ϱ6 in the measure of Eq. (4.3) has not
been absorbed into the normalization factor, since the value
of ϱ2 is set by the boundary conditions of the path integral.
Furthermore, in the next subsection, we will consider a
superposition of states with different values of the gravi-
tational and cosmological constants, which results in an
additional integration over κ2 and Λ, where any additional
dependence on those variables has to be taken into account.
Alternatively, instead of including the factor ϱ6 in the
measure, it could be included in the operator (3.80). In the
Dirac gauge, defined by χ0 ¼ hijπij and χi ¼ ∂jðh13hijÞ, all
the ghosts could be made to carry the same dimension,
namely, the mass dimension ½bμ ¼ ½cμ ¼ 0, by including
ϱ2 in each Qiμ, i ¼ 1, 2, 3, so that every component of the
operator would have the mass dimension ½Qμν ¼ 4.
However, we shall keep the factor in the measure and
consider a covariant gauge instead.
Finally, we can transform to a covariant gauge, include
matter (for simplicity without additional gauge symmetries
below), and define the generating functional by including
external sources Jμν and JΨ for the metric and the matter
fields Ψ, respectively,
ZVESðϱ2;ΛÞ½J
¼ N 2
Z Y
xμ
DgμνDηρDbσDcσDΨg00ð−gÞ−32ϱ6
× exp

i
Z
d4x

ϱ2
2
ﬃﬃﬃﬃﬃﬃ
−g
p ðR − 2ΛÞ − ημχμ − bμQμνcν
þ ﬃﬃﬃﬃﬃﬃ−gp Lmðgμν;ΨÞ þ gμνJμν þΨJΨ

; ð4:4Þ
where we can use any covariant gauge such as, for example,
the harmonic gauge
χμ ¼ ∂νð ﬃﬃﬃﬃﬃﬃ−gp gμνÞ ≈ 0; ð4:5Þ
Qμνcν ¼ ∂νð∂ρð ﬃﬃﬃﬃﬃﬃ−gp gμνcρÞ− ﬃﬃﬃﬃﬃﬃ−gp gμρ∂ρcν− ﬃﬃﬃﬃﬃﬃ−gp gρν∂ρcμÞ:
ð4:6Þ
B. Relation of the gravitational constant, the
cosmological constant, and the energy density
and pressure of matter
Consider a vacuum state of the Universe that is a
superposition of states corresponding to different values
of the gravitational and cosmological constants:
jΩi ¼
Z
dϱ2dΛωðϱ2;ΛÞjϱ2;Λi: ð4:7Þ
Now the general path integral representation of a vacuum
transition amplitude can be written as
ZVES ≡ hΩjΩi ¼
Z
dμðϱ2;ΛÞZVESðϱ2;ΛÞ; ð4:8Þ
where the measure is defined by
dμðϱ2;ΛÞ ¼ jωðϱ2;ΛÞj2dϱ2dΛ; ð4:9Þ
and we assume
hϱ2;Λjϱ20 ;Λ0i ¼ 0 if Λ ≠ Λ0 or ϱ2 ≠ ϱ20 : ð4:10Þ
A priori we do not know the measure (4.9) for the
integration of the gravitational and cosmological constants.
Therefore we assume that the measure is smooth and
includes all values of ϱ2 ≥ 0 and Λ. The generating
functional is obtained as
ZVES½J ¼
Z
dμðϱ2;ΛÞZVESðϱ2;ΛÞ½J: ð4:11Þ
This differs from the generating functional of fully diffeo-
morphism-invariant unimodular gravity [13] in two ways:
we have an additional integration over the gravitational
constant ϱ2 and there is an additional factor ϱ6 in the
measure. Note that the latter can be absorbed into the
measure (4.9) of the integral (4.11).
The question of much interest is whether we can derive a
relation between the expectation values of ϱ2, Λ and the
integrated matter energy density over spacetime. That
would be a generalization of the result obtained in unim-
odular gravity [9,10,12,13]. This can be done in a semi-
classical approximation of the background field approach
to the quantization of a gravitational field theory (for a
review of the background field method see, e.g., Ref. [26]).
The idea is that when we integrate over the metric and the
matter fields, the dominant contribution comes from the
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configurations ðgμν;ΨÞ that solve the Einstein field equa-
tion (Gμν þ Λgμν ¼ ϱ−2Tμν) for given ϱ2 and Λ. Then the
semiclassical approximation of the path integral (4.8)
becomes a sum over such configurations ðgμν;ΨÞ:
ZVES≈
Z
dμðϱ2;ΛÞ
X
ðgμν;ΨÞ
exp

i
Z
d4x
ﬃﬃﬃﬃﬃﬃ
−g
p 
ϱ2Λ−
T
2
þLm

;
ð4:12Þ
where the trace of the Einstein equation was used to write
R ¼ 4Λ − ϱ−2T. Here ϱ2 and Λ are the renormalized
gravitational and cosmological constants. According to
the stationary phase approximation the integral (4.12) is
dominated by solutions for which the on-shell action
vanishes. For a perfect fluid the on-shell action is given
by the integral of pressure p over spacetime [27],R
d4x
ﬃﬃﬃﬃﬃﬃ−gp Lm ¼ R d4x ﬃﬃﬃﬃﬃﬃ−gp p, and the trace of the
energy-momentum tensor is T ¼ −ρþ 3p, where ρ is
the energy density. If several perfect-fluid components
are considered, we have the total pressure p ¼Papa
and the total energy density ρ ¼Paρa instead. Hence
we see that the most likely values of the gravitational
constant and the cosmological constant are related to the
average values of the total pressure and the total energy
density over the whole spacetime as
ϱ2Λ ≈
R
d4x
ﬃﬃﬃﬃﬃﬃ−gp ðT
2
− LmÞR
d4x
ﬃﬃﬃﬃﬃﬃ−gp ¼
R
d4x
ﬃﬃﬃﬃﬃﬃ−gp ðp − ρÞ
2
R
d4x
ﬃﬃﬃﬃﬃﬃ−gp
¼ 1
2
hp − ρi: ð4:13Þ
This relation approximates the product ϱ2Λ (or the ratio
Λ=G) of the gravitational constant and the cosmological
constant, but it does not tell us anything about their separate
values. Hence the relation (4.13) has a very different nature
compared to that obtained in unimodular gravity, although
the form of the relation is similar.
Naturally, estimating the average values of the total
pressure and the total energy density over the history of the
Universe is quite difficult, which gives a reason to doubt the
usefulness of the relation (4.13). Still it is interesting that
the local formulation of vacuum energy sequestering
implies such a relation between the two given fundamental
constants of nature.
V. TOPOLOGICAL INDUCED GRAVITY
For linear functions σ and σˆ the action of the local
vacuum energy sequestering model (2.10) reduces to
Sl ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃ
−g
p κ2
2
ðRþM−2P ∇μUμÞ
− λð1 − μ−4∇μVμÞ þ Lmðgμν;ΨÞ

; ð5:1Þ
where we have chosen σðsÞ ¼ 1
2
s and σˆðsÞ ¼ s for sim-
plicity. Incidentally, this action is essentially the same as the
recently discussed “topological induced gravity” [20].5 It is
thus clear that the so-called topological induced gravity is
the simplest special case of the local vacuum energy
sequestering model. The action differs from the fully
diffeomorphism-invariant version of unimodular gravity
[13] by the presence of the vector Uμ and a variable
gravitational coupling κ2. The action can again be rewritten
as in Eq. (3.1). The canonical structure is identical to that of
local vacuum energy sequestering obtained in Sec. III with
the substitutions σ0 ¼ 1
2
and σˆ0 ¼ 1.
The action (5.1) can be written in a BRST-exact form by
including an appropriate ghost action [20]. This justifies the
label “topological.” It is natural to ask whether such a
BRST-exact formulation can be generalized to the local
theory of vacuum energy sequestering with nonlinear
functions σ and σˆ. This will be explored next.
VI. INDUCED THEORY OF VACUUM ENERGY
SEQUESTERING FROM GAUGE FIXING
A. Gravitational action from gauge fixing
Here we consider a BRST-exact formulation for the local
version of vacuum energy sequestering. The gravitational
action (2.10) will be seen to emerge as a gauge-fixing
action. The approach is similar to those of Refs. [20]
and [21].
Consider a theory for two vector fields Uμ and Vμ on a
curved spacetime with metric gμν, and optionally some
matter fields Ψ. The theory is assumed to be diffeomor-
phism invariant. The gravitational action of the theory is
assumed to vanish initially, i.e., we consider an action of the
form
S ¼ Sv½gμν; Uμ; Vν þ Sm½gμν;Ψ: ð6:1Þ
Including couplings between matter fields Ψ and the vector
fields Uμ and Vμ would be possible as well. Hence we have
no theory of gravity in the beginning. We assume that the
action for the vector fields possesses a gauge symmetry
under transformations of Uμ and Vμ. In the simplest case,
one could consider a vanishing action, Sv ¼ 0, so that the
action would be invariant under any transformation of Uμ
and Vμ. Here we consider that the action Sv is invariant
under the following two gauge transformations generated
by infinitesimal scalar field parameters α and αˆ with zero
mass dimension:
δαUμ ¼ M2P∇μα; δαˆVμ ¼ μ2∇μαˆ: ð6:2Þ
5The scales M−2P and μ
−4 could be absorbed into the vector
fieldsUμ and Vμ, respectively, but that would obscure the relation
to the vacuum energy sequestering theory.
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The gauge-fixing action forUμ and Vμ can be chosen as the
gravitational part of the local vacuum energy sequestering
action (2.10),
Sgf ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃ
−g
p κ2
2
R − λþ σ

κ2
M2P

∇μUμ
þ σˆ

λ
μ4

∇μVμ

; ð6:3Þ
where κ2 and λ are the auxiliary scalar fields required for
imposing the gauge-fixing conditions for the gauge sym-
metry under Eq. (6.2). The gauge conditions are written as
σ0

κ2
M2P

∇μUμ þM
2
P
2
R ¼ 0; σˆ0

λ
μ4

∇μVμ − μ4 ¼ 0:
ð6:4Þ
Note that the auxiliary variables κ2 and λ appear in the
gauge conditions (6.4) when the functions σ and σˆ are
nonlinear, since then the gauge-fixing Lagrangian (6.3) is
not linear in the auxiliary fields, which is a rather
uncommon situation.
We have chosen the gauge-fixing action (6.3) to spe-
cifically match the action of the local formulation of
vacuum energy sequestering. However, the gauge-fixing
action could be chosen in a number of different ways. There
are three kinds of changes that could be considered. First,
the curvature part of the action (6.3) could be changed. For
example, the gravitational part of the action could be
defined to include higher-order curvature terms, but that
would require additional coupling constants or fields,
unless the coefficients of the higher-curvature terms are
set to κ2M−nP , n ¼ 2; 4;…, which would give weak
couplings that are preferable regarding long-distance
behavior.6 In principle, we could even abandon full diffeo-
morphism invariance and use, for example, the Lagrangian
density of Horˇava-Lifshitz gravity [29] (with a variable κ2)
in place of the Einstein-Hilbert term, κ
2
2
ﬃﬃﬃﬃﬃﬃ−gp R. Second, the
part of the gauge-fixing action (6.3) that involves Uμ and
Vμ could be chosen differently, e.g., to include quadratic
terms UμUμ or direct coupling to curvature, etc. That kind
of modification, however, could lead to a completely
different type of theory, since we would no longer obtain
the field equations ∇μκ2 ¼ 0 and ∇μλ ¼ 0; the same
happens when a nonvanishing action Sv for the vector
fields is included. Finally, we could consider different
gauge symmetry transformations instead of Eq. (6.2).
Above, we have considered the simplest gauge trans-
formations that imply scalar ghost fields. The gauge
transformations could be parametrized by vector fields
or tensor fields of higher rank, which would require vector
ghost fields or higher-rank tensor ghost fields, respectively.
In summary, the approach explored here can be used to
construct a wide variety of gravitational models with
variable gravitational couplings and a variable cosmologi-
cal (constant) parameter.
In order to obtain a BRST-invariant (and eventually
BRST-exact) action, we introduce Grassmann-odd ghost
fields c; cˆ and antighost fields b; bˆ. The two BRST trans-
formations can be obtained from the gauge transformations
(6.2) as
δBκ
2 ¼ 0; δBUμ ¼ ϵM2P∇μc;
δBc ¼ 0; δBb ¼ ϵσ

κ2
M2P

; ð6:5Þ
δˆBλ ¼ 0; δˆBVμ ¼ ϵˆμ2∇μcˆ;
δˆBcˆ ¼ 0; δˆBbˆ ¼ ϵˆ σˆ

λ
μ4

; ð6:6Þ
where ϵ and ϵˆ are infinitesimal anticommuting parameters.
Note that the gauge transformations (6.2) are Abelian so
that the BRST transformations of the ghosts ðc; cˆÞ vanish.
The BRST transformations of the antighosts ðb; bˆÞ are
nonlinear in the auxiliary fields due to the corresponding
nonlinearity of the gauge-fixing Lagrangian (6.3). The
ghost action can be obtained as
Sgh ¼ −
Z
d4x
ﬃﬃﬃﬃﬃﬃ
−g
p ðbM2P∇μ∇μcþ bˆμ2∇μ∇μcˆÞ
¼
Z
d4x
ﬃﬃﬃﬃﬃﬃ
−g
p ðM2P∇μb∇μcþ μ2∇μbˆ∇μcˆÞ: ð6:7Þ
The gravitational action, Sg ¼ Sgf þ Sgh, is BRST invariant
under Eqs. (6.5) and (6.6). The gravitational part of the
action is also BRST exact, since it can be written as
Sg ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃ
−g
p 
sB

b

κ2
2σð κ2M2PÞ
Rþ∇μUμ

− sˆB

bˆ

λ
σˆð λ
μ4
Þ −∇μV
μ

; ð6:8Þ
6One of the candidates for a modification of the gravitational
sector would be Weyl gravity, due to its known structure and
relevance. However, as we have discussed in the last paragraph of
Sec. II A, the smallness of the cosmological constant in the
sequestering mechanism is due to two approximate symmetries,
namely, scaling and shift symmetries, which are broken by the
gravitational sector. Thus, since pure Weyl gravity is scale
invariant, there would be no gravitational scale κ2, but rather a
dimensionless gravitational coupling. Furthermore, the cosmo-
logical constant term could not be included in Weyl gravity, since
it ruins the canonical and geometric structure due to the
appearance of a constraint
ﬃﬃﬃﬃﬃﬃ−gp ¼ 0 [28]. Extending the action
(6.3) with the conformally invariant Weyl action would not imply
such problems, since then the approximate scaling and shift
symmetries persist, and the canonical structure of the Einstein-
Hilbert plus Weyl action is known to be consistent [28].
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where sB and sˆB are the Slavnov variations corresponding
to Eqs. (6.5) and (6.6), respectively. Hence it can be
considered as a topological field theory [22]. The full
gauge-fixed action is now given as S ¼ Sg þ Sv þ Sm.
We should remark that the BRST-exact formulation of
local vacuum energy sequestering should not be confused
with the gauging procedure followed in Sec. II B. The main
conceptual difference between the approaches is the way
the gauge symmetry is imposed: the local formulation of
vacuum energy sequestering is obtained by gauging the
global sequestering mechanism, while here we assume a
further gauge symmetry in order to obtain a BRST-exact
form of the action. The present approach can be seen as an
extension of the local formulation of vacuum energy
sequestering.
B. Hamiltonian analysis
Our goal is to find a canonical formulation of the full
gauge-fixed action Sg ¼ Sgf þ Sgh, where Sgf is defined in
Eq. (6.3) and Sgf is defined in Eq. (6.7). Note that the
canonical analysis of Sgf has been done in the previous
section, so that we focus on the ghost action Sgh. To begin
with we rewrite it in the 3þ 1 formalism,
Sgh ¼ M2P
Z
dtd3x
ﬃﬃﬃ
h
p
Nð−∇nb∇ncþ hij∂ib∂jcÞ
þ μ2
Z
dtd3x
ﬃﬃﬃ
h
p
Nð−∇nbˆ∇ncˆþ hij∂ib∂jcÞ; ð6:9Þ
so that we have conjugate momenta
pb ¼
δLgh
δL∂tb ¼ −M
2
P
ﬃﬃﬃ
h
p ∇nc;
pc ¼
δLgh
δL∂tc ¼ M
2
P
ﬃﬃﬃ
h
p ∇nb;
pbˆ ¼
δLgh
δL∂tbˆ ¼ −μ
2
ﬃﬃﬃ
h
p ∇ncˆ;
pcˆ ¼
δLgh
δL∂tcˆ ¼ μ
2
ﬃﬃﬃ
h
p ∇nbˆ; ð6:10Þ
with the following nonvanishing (graded) Poisson brackets:
fcðxÞ; pcðyÞg ¼ fpcðyÞ; cðxÞg − δðx − yÞ;
fbðxÞ; pbðyÞg ¼ fpbðyÞ; bðxÞg ¼ −δðx − yÞ;
fcˆðxÞ; pcˆðyÞg ¼ fpcˆðyÞ; cˆðxÞg ¼ −δðx − yÞ;
fbˆðxÞ; pbˆðyÞg ¼ fpbˆðyÞ; bˆðxÞg ¼ −δðx − yÞ: ð6:11Þ
Then it is easy to find the ghost contributions to the
Hamiltonian and diffeomorphism constraints as
HghT ¼
1
M2P
ﬃﬃﬃ
h
p pcpb −M2P
ﬃﬃﬃ
h
p
hij∂ib∂jc
þ 1
μ2
ﬃﬃﬃ
h
p pcˆpbˆ − μ2
ﬃﬃﬃ
h
p
hij∂ibˆ∂jcˆ;
Hghi ¼ ∂icpc þ ∂ibpb þ ∂icˆpcˆ þ ∂ibˆpbˆ: ð6:12Þ
Using the standard Noether method, we derive the con-
served BRST currents as
JμBRST ¼
ﬃﬃﬃﬃﬃﬃ
−g
p
M2Pσ

κ2
M2P

gμν∇νc; ð6:13Þ
JˆμBRST ¼
ﬃﬃﬃﬃﬃﬃ
−g
p
μ2σˆ

λ
μ2

gμν∇νcˆ; ð6:14Þ
and hence we have corresponding conserved charges
expressed in terms of the canonical variables,
QBRST ¼
Z
d3xσ

κ2
M2P

pb; ð6:15Þ
QˆBRST ¼
Z
d3xσˆ

λ
μ2

pbˆ: ð6:16Þ
Since we want these charges to act nontrivially on Uμ and
Vμ, respectively, we add to them linear combinations of the
constraints Pn; Pi and pn; pi, respectively. In fact, note that
Eq. (6.2) implies
δαUn ¼ M2P∇nα; δαUiM2Phij∂jα; ð6:17Þ
and also
δαˆVn ¼ μ2∇nαˆ; δαˆVi ¼ μ2hij∇jαˆ: ð6:18Þ
From these transformation rules we deduce the BRST
transformations
δBUn ¼ −ϵ
1ﬃﬃﬃ
h
p pb; δBUi ¼ ϵM2Phij∂jc; ð6:19Þ
and hence we find that the extended BRSToperator has the
form
QBRST ¼
Z
d3x

σ

κ2
M2P

pb −
pbﬃﬃﬃ
h
p Pn þM2PPihij∂jc

:
ð6:20Þ
In the same way, we write an extended form of the BRST
operator QˆBRST as
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QˆBRST ¼
Z
d3x

σˆ

λ
μ2

pbˆ −
pbˆﬃﬃﬃ
h
p pn þ μ2pihij∂jcˆ

:
ð6:21Þ
The BRST charges have the following nonvanishing
Poisson brackets with the canonical variables:
fQBRST; bg ¼ −σ

κ2
M2P

;
fQBRST; Pκ2g ¼
1
M2P
σ0

κ2
M2P

pb;
fQBRST; Ung ¼
1ﬃﬃﬃ
h
p pb;
fQBRST; Uig ¼ −M2Phij∂jc;
fQˆBRST; bˆg ¼ −σˆ

λ
μ2

;
fQˆBRST; pλg ¼
1
μ2
σˆ0

λ
μ2

pbˆ;
fQˆBRST; Vng ¼
1ﬃﬃﬃ
h
p pbˆ;
fQˆBRST; Vig ¼ −μ2hij∂jcˆ: ð6:22Þ
The BRST charges (6.20) and (6.21) Poisson commute
with the second-class constraints (3.5) and (3.22),
which explains why the momenta Pκ2 and pλ must have
nonvanishing BRST transformations (6.22), while the
conjugated variables κ2 and λ do not change under the
given BRST transformations.
The Poisson brackets between the BRST charges and the
Hamiltonian constraint are now easily obtained as
fQBRST;H00T þHghostT g ≈ σ0
ﬃﬃﬃ
h
p
hij∂iκ2∂jc
¼ σ0
ﬃﬃﬃ
h
p
hijBi∂jc ≈ 0; ð6:23Þ
fQˆBRST;H00T þHghostT g ≈ σˆ0
ﬃﬃﬃ
h
p
hij∂iλ∂jcˆ
¼ σˆ0
ﬃﬃﬃ
h
p
hijCi∂jcˆ ≈ 0; ð6:24Þ
up to terms proportional to the constraints Pn ≈ 0 and
pn ≈ 0. The BRST charges have vanishing Poisson brack-
ets with all the other constraints. Then it is easy to derive
the following relation:
	
QBRST;−
b
σ
H00T


¼ H00T − b
σ0
σ
Bihij
ﬃﬃﬃ
h
p ∂jc: ð6:25Þ
Then we could replace H00T in the definition of the
Hamiltonian with this Poisson bracket when the expression
proportional to Bi is absorbed into the corresponding
Lagrange multiplier. In other words, we see that the
Hamiltonian has the schematic form
H ¼ fQBRST;Ψg þ fQˆBRST; Ψˆg; ð6:26Þ
where the explicit form of the gauge-fixing fermions Ψ and
Ψˆ is not important for us. On the other hand, the fact that
the Hamiltonian can be written in the form (6.26) is a
consequence of the fact that the gravitational action Sg (6.8)
is BRST exact.
VII. A SIMPLE MODEL FOR INCLUDING THE
COSMOLOGICAL CONSTANT AS A
TOPOLOGICAL FIELD THEORY
Let us consider the model proposed in Ref. [21]. In this
model, the cosmological constant part of the Lagrangian is
BRST exact, while the Einstein-Hilbert gravitational part
appears as usual. In other words, this model is an extension
of unimodular gravity in the same way that our formulation
in Sec. VI extends local vacuum energy sequestering. In the
model of Ref. [21], however, only the cosmological
constant part of the action is made topological, while in
Sec. VI the whole gravitational action of the local version
of vacuum energy sequestering was formulated as a
topological field theory. We should note that the model
of Ref. [21] is unlikely to actually solve any cosmological
constant problem, since it lacks a mechanism for ensuring
the perturbative stability of the cosmological constant. In
this respect, the model is on par with conventional unim-
odular gravity. Nevertheless, the model is an interesting
example for building a topological field theory for the
cosmological constant.
The model is defined by the action
S¼
Z
d4x
ﬃﬃﬃﬃﬃﬃ
−g
p M2P
2
R−λþ 1
μ3
∂μλgμν∂νϕ−∂μbgμν∂νc

;
ð7:1Þ
where ϕ is a scalar field and the fields b and c are
Grassmann-odd ghosts. The action is invariant under
BRST transformation,
δλ ¼ δc ¼ 0; δϕ ¼ ϵc; δb ¼ 1
μ3
ϵλ; ð7:2Þ
where ϵ is a global fermionic (anticommuting) parameter.
Note that this BRST transformation implies the existence of
a BRST current jμBRST in the form
jμBRST ¼
1
μ3
ﬃﬃﬃﬃﬃﬃ
−g
p ð−cgμν∂νλþ gμν∂νcλÞ; ∂μjμBRST ¼ 0:
ð7:3Þ
As a result we have a conserved charge
R. BUFALO, J. KLUSOŇ, and M. OKSANEN PHYSICAL REVIEW D 94, 044005 (2016)
044005-16
QBRST ¼
Z
d3xj0
¼ 1
μ3
Z
d3xð−c ﬃﬃﬃﬃﬃﬃ−gp g0ν∂νλþ ﬃﬃﬃﬃﬃﬃ−gp g0ν∂νcλÞ:
ð7:4Þ
Our goal is to proceed to the Hamiltonian formalism. Note
that in the 3þ 1 formalism the action has the form
S¼
Z
d4xN
ﬃﬃﬃ
h
p M2P
2
ðKijGijklKklþð3ÞRÞ−λ−
1
μ3
∇nλ∇nϕ
þ 1
μ3
∂iλhij∂jϕþ∇nb∇nc−hij∂ib∂jc

: ð7:5Þ
In the same way as in previous sections, we obtain
πij ¼ M
2
P
2
GijklKkl; πN ≈ 0; πi ≈ 0;
pλ ¼ −
ﬃﬃﬃ
h
p
μ3
∇nϕ; pϕ ¼ −
ﬃﬃﬃ
h
p
μ3
∇nλ: ð7:6Þ
In case of the Grassmann-odd variables we have to be
careful with the definition of the momenta. We define them
in terms of the variation from the left as
pb ¼
ﬃﬃﬃ
h
p ∇nc; pc ¼ −
ﬃﬃﬃ
h
p ∇nb; ð7:7Þ
so that the Hamiltonian is equal to
H ¼
Z
d3xðNHT þ NiHiÞ;
HT ¼
2
M2P
ﬃﬃﬃ
h
p πijGijklπkl −
μ3ﬃﬃﬃ
h
p pϕpλ −
1ﬃﬃﬃ
h
p pcpb−
−
M2P
2
ﬃﬃﬃ
h
p ð3ÞRþ
ﬃﬃﬃ
h
p
λ −
1
μ3
ﬃﬃﬃ
h
p ∂iλhij∂jϕ
þ
ﬃﬃﬃ
h
p
hij∂ib∂jc;
Hi ¼ −2hikDiπik þ ∂icpc þ ∂ibpb þ ∂iλpλ þ ∂iϕpϕ:
ð7:8Þ
The BRST charge takes the form
QBRST ¼
Z
d3x

−cpϕ −
1
μ3
pbλ

; ð7:9Þ
so that
fQBRST;ϕg ¼ c; fQBRST; bg ¼
1
μ3
λ;
fQBRST; pcg ¼ pϕ; fQBRST; pλg ¼ −
1
μ3
pb; ð7:10Þ
using also the fact that b; pb and c; pc have graded Poisson
brackets
fcðxÞ; pcðyÞg ¼ fpcðyÞ; cðxÞg ¼ −δðx − yÞ;
fbðxÞ; pbðyÞg ¼ fpbðyÞ; bðxÞg ¼ −δðx − yÞ: ð7:11Þ
Then it is easy to see that
fQBRST;HTg ¼ 0; fQBRST;Hig ¼ 0; ð7:12Þ
which is the reflection of the fact that QBRST is conserved.
The question is whether the existence of this charge can
remove negative unphysical states. Let us consider a phase-
space function Z with Grassmann parity jZj. Then using the
generalized Jacobi identity
fX; fY; Zgg ¼ ffX; Yg; Zg þ ð−1ÞjXjjYjfY; fX; Zgg:
ð7:13Þ
Now since it is a phase-space function its Poisson bracket
has to weakly vanish on the constraint surface
fZ; CAg ¼ uBACB; ð7:14Þ
where CA ¼ ðHT;Hi; πN; πiÞ. Note that since Z has grading
jZj and the constraints have jCAj ¼ 0, uBA has to have the
same grading as Z. Let us use the graded Jacobi identity
above for X ¼ QBRST and Y ¼ CA as
fQBRST;fCA;Zgg¼ffQBRST;CAg;ZgþfCA;fQBRST;Zgg:
ð7:15Þ
Using the fact that the first expression on the right-hand
side is equal to zero, we obtain
fQBRST; uABCBg ¼ fCA; fQBRST; Zgg: ð7:16Þ
Since fQBRST; CAg ¼ 0, we obtain
fCA; fQBRST; Zgg ¼ 0; ð7:17Þ
which implies that
fQBRST; Zg ¼ vACA: ð7:18Þ
In other words, whenever Z is a physical variable that is
invariant under diffeomorphism, it has to have a weakly
vanishing Poisson bracket with QBRST.
VIII. CONCLUSIONS
We have studied the Hamiltonian formalism and path
integral quantization of the local version of vacuum energy
sequestering. The path integral (4.4) has a similar form as
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that of GR but with the values of the cosmological and
gravitational constants,Λ and ϱ2, specified by the boundary
conditions of the path integral (chosen to match their
observed net values). This result is in agreement with
the canonical counting of physical degrees of freedom: two
propagating physical degrees of freedom for the graviton
and two zero modes. The zero modes are the gravitational
and cosmological constants.
Similar to the situation of unimodular gravity [13], the
local formulation of vacuum energy sequestering also
involves linearly dependent generators, namely, the con-
straints (3.30) and (3.38) that are associated with the
cosmological and gravitational constants, respectively. A
proper treatment of quantization and gauge invariance for a
system with linearly dependent generators is achieved by
means of the Batalin-Vilkovisky formalism [25]. This
was achieved in Sec. III E, where we also showed that
the path integral obtained via the Batalin-Vilkovisky
formalism matches that of the reduced system obtained
in Sec. III D by eliminating several unphysical variables.
Another similarity with unimodular gravity is the pos-
sibility of generalizing the path integral expression in order
to encompass different vacuum states, which correspond to
different values of the gravitational and cosmological
constants. In the context of unimodular gravity, this
approach leads to the so-called Ng–van Dam form for
the path integral, where an additional integration over the
cosmological constant is present. We have extended the
idea for local vacuum energy sequestering by considering a
superposition of vacuum states related to different values of
the gravitational and cosmological constants. This results in
a path integral with additional integration over both the
gravitational constant and the cosmological constant (4.11).
The most likely values of the gravitational and cosmologi-
cal constants are regarded to contribute most to the path
integral. Then, in the semiclassical and stationary phase
approximation, the path integral implies a relation among
the product ϱ2Λ (or the ratio Λ=G) of the gravitational
constant and the cosmological constant to the average
values of the total pressure and the total energy density over
the whole spacetime (4.13).
For completeness, we also considered the local vacuum
energy sequestering model from a new perspective of a
topological or BRST-exact formulation. In this approach,
the gravitational action of vacuum energy sequestering
appears as a gauge-fixing action along with an appropriate
ghost action. As a result, the action of vacuum energy
sequestering becomes BRST exact and can be viewed as a
topological field theory [Eq. (6.8)]. The topological
approach was supplemented by a canonical analysis of
the ghost sector, which is required in order to establish the
full BRST formalism.
Finally, we remark that the vacuum energy sequestering
mechanism is quite robust in its local form, and it could
prove to be useful beyond Einstein gravity. We noted the
possibility of generalizing or modifying the gravitational
sector of the theory in a number of different ways. For
example, in order to achieve a power-counting renormaliz-
able gravitational sector, the Einstein-Hilbert part of the
action could be replaced with an action of the Horˇava-
Lifshitz type (with a variable gravitational constant κ2),
which would be invariant under foliation-preserving diffeo-
morphisms. The possibility of modifying the terms that
involve the auxiliary fields, or the gauge conditions
imposed on the auxiliary fields, was also discussed within
the BRST-exact formulation in Sec. V. The latter could
modify the sequestering mechanism drastically, and hence
it should be considered cautiously.
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